We consider the problem of full information maximum likelihood (FIML) estimation in a factor analysis model when a majority of the data values are missing. The expectation-maximization (EM) algorithm is often used to find the FIML estimates, in which the missing values on observed variables are included in complete data. However, the EM algorithm has an extremely high computational cost when the number of observations is large and/or plenty of missing values are involved. In this paper, we propose a new algorithm that is based on the EM algorithm but that efficiently computes the FIML estimates. A significant improvement in the computational speed is realized by not treating the missing values on observed variables as a part of complete data. Our algorithm is applied to a real data set collected from a Web questionnaire that asks about first impressions of human; almost 90% of the data values are missing. When there are many missing data values, it is not clear if the FIML procedure can achieve good estimation accuracy even if the number of observations is large. In order to investigate this, we conduct Monte Carlo simulations under a wide variety of sample sizes.
Introduction
Factor analysis provides a practical tool for exploring the covariance structure among a set of observed random variables by constructing a smaller number of unobserved variables called common factors. Successful applications have been reported in various fields of research, including the social and behavioral sciences. In practical situations, a majority of the data values are often missing or unknown. For example, when a questionnaire asks a research participant about a feeling toward another person, a number of questions are needed to investigate their impressions, using a wide variety of personal-assessment measures. However, answering all of the questions may cause participants fatigue and inattention, resulting in inaccurate answers. In order to gather the high-quality data, the participants may be asked to select just a few of questions; this leads to a large number of missing values.
In the presence of missing values, the factor analysis model can be estimated by the full information maximum likelihood (FIML) procedure. It is well-known that the FIML method yields a consistent estimator under the assumption of missing at random (MAR, e.g., Little and Rubin 1987) , that is, the missingness depends only on the variables that are observed and not on the missing values.
There are two crucial issues for the FIML procedure with large rates of missing values. The first issue is the computational speed. Conventionally, FIML estimates have been obtained by Newton-type algorithms. For example, Finkbeiner (1979) applied a quasiNewton method to the factor analysis model, and Lee (1986) considered an estimation of the general covariance structure via the reweighed Gauss-Newton algorithm. However, Newton-type methods can be slow and unstable when the number of variables is large. Another popular estimation algorithm is the expectation-maximization (EM) algorithm and its extensions; in this approach, the common factors and missing values on observed variables are included in complete data (e.g., Dempster et al. 1977; Rubin and Thayer 1982; Little and Rubin 1987; ?; Jamshidian 1997; Liu and Rubin 1998) . However, the ordinary EM algorithm also has a high computational cost when a majority of the data values are missing, because a number of missing values must be imputed during the expectation (E) step. In this paper, we propose a new algorithm that is based on the EM algorithm but that efficiently computes the FIML estimates. We include common factors in the complete data, as is the case with the ordinary EM algorithm, but we do not include the missing values on observed variables in the complete data. Because of this, there is no need to impute the missing values in the E step. The proposed algorithm is applied to a real data set collected from a Web questionnaire that asks about first impressions of human; almost 90% of the data values are missing. Although the ordinary EM algorithm takes hours to run, our algorithm provides precise estimates in several tens of seconds.
The second issue is the estimation accuracy of the FIML method: with the rate of missing values as large as 90%, it is not clear whether the FIML procedure can yield a good estimator even if the number of observations is large, such as N = 2000. Although several researchers have discussed the effectiveness of the FIML estimator from both theoretical and numerical points of view (e.g. , Finkbeiner 1979; Lee 1986; Enders and Bandalos 2001; Enders 2001) , the rates of missing values they considered were not very large (typically, about 30%). In order to investigate how well the FIML method performs when the majority of data values are missing, we conducted Monte Carlo simulations under a wide variety of sample sizes.
The remainder of this paper is organized as follows: Section 2 defines the factor analysis model and notation, and briefly describes the FIML estimation procedure. In Section 3, we present the ordinary EM algorithms for FIML estimation, and we then modify the algorithm to improve the computational speed. Section 4 presents an application of the proposed algorithm to data from a Web-based questionnaire. In Section 5, a Monte Carlo simulation is conducted to investigate the effectiveness of the FIML procedure. Some concluding remarks are given in Section 6.
FIML estimation in factor analysis
T be a p-dimensional random vector with mean vector µ and variance-covariance matrix Σ. The factor analysis model (e.g., Mulaik 2010) is
where Λ = (λ ij ) is a p × m matrix of factor loadings, and
T are unobservable random vectors. The elements of F and ε are called common factors and unique factors, respectively. It is assumed that the common factors F and the unique factors ε are multivariate-normally distributed with E(F ) = 0,
where I m is the identity matrix of order m, and Ψ is a p × p diagonal matrix in which the i-th diagonal element is ψ i , which is called a unique variance. Under these assumptions, the random vector X is multivariate-normally distributed with mean vector µ, and variance-covariance matrix Σ = ΛΛ T +Ψ. Note that the factor loadings have a rotational indeterminacy, because both Λ and ΛT generate the same covariance matrix Σ, where T is an arbitrary orthogonal matrix. We consider the case where the data values are partially observed. Let x 1 , · · · , x N be N sets of "complete" data drawn from N p (µ, Σ) with Σ = ΛΛ T + Ψ, which would occur in the absence of missing values. The complete data vector x n can be expressed as 
, respectively. The full information log likelihood function is then given by
The FIML estimates of µ, Λ, and Ψ are given as the solutions of ∂ℓ/∂µ = 0, ∂ℓ/∂Λ = O, and ∂ℓ/∂Ψ = O, respectively. Since the solutions cannot be expressed in a closed form, we need to use an iterative algorithm, such as a quasi-Newton method or an EM algorithm.
EM algorithms for FIML estimation
In this section, we describe the ordinary EM algorithm for FIML estimations (e.g., Little and Rubin 1987; Jamshidian 1997; Liu and Rubin 1998) ; in this approach, both common factors and missing values on observed variables are included in the complete data. In practical situations, however, the ordinary EM algorithm can be slow when the number of missing values on observed variables is large. In order to handle this problem, we propose much more efficient algorithm. A significant improvement in the computational speed is realized by not treating the missing values on observed variables as a part of complete data. We call this approach the modified EM algorithm, and the details of the algorithm are given in Section 3.2. In Section 3.3, we then discuss the computational complexity of matrix operations in order to compare the computational loads of the ordinary and the modified EM algorithms.
Ordinary EM algorithm
The complete data log likelihood function l
where the density function f (x n , f n ) is defined by
Then, we have
where C is a constant value and
E step
We compute the expectation of the sufficient statisticsŜ
The joint distribution of (x n , f n ), given the observed values x [n] , can be obtained by using the standard methodology of a conditional Gaussian distribution. Let
We set
The conditional distribution of z n is given by
On the other hand,
. Then, we can compute the conditional distribution
The sufficient statisticsŜ xx ,Ŝ f * x , andŜ f * f * are expressed aŝ
M step
In the maximization (M) step, we maximize the complete data log likelihood function. By taking the derivative with respect to (µ, Λ) and Ψ, we have
The solution is given by
Modified EM algorithm
When the number of missing values is very large, the ordinary EM algorithm in Section 3.1 becomes inefficient, because we must impute a number of missing values in the E step. In order to overcome this problem, we introduce a modified algorithm. An important point in our algorithm is that the missing values on observed variable x −[n] are not included in the complete data. In this case, the complete data log likelihood function is given by
where nobs(i) = {n ∈ {1, . . . , N} | i-th variable is observed.}
E step
We need to compute the expected values of only the common factors given the observed data, i.e.,f n andV fnf T n in (3).
M step
We can take the derivatives with respect to µ, Λ, and Ψ, which are written as
The solutions are
Computational complexity of matrix operations
In this section, we discuss the computational complexity of the matrix operations for each algorithm. For ease of comprehension, we assume that the number of missing (or observed) variables, say, p mis (or p obs ), is constant for all observations. Note that the computational complexity independent of this assumption can be discussed in the same manner.
Assume that a massive amount of data is missing, i.e., p mis ≈ p, and m is sufficiently small. In the E step of the ordinary EM algorithm, the operation Ω
To show this, first, we calculate the inverse of the covariance matrix of the joint
which requires O(p 2 ) when m is small. The computational complexity of the E step is then given by O(Np 2 ). The computational complexity of the M step is O(p), which is sufficiently small compared with that of the E step. On the other hand, the modified EM algorithm is much more efficient: the operation needs only O(Np 2 obs ). Furthermore, with a large rate of missing values, we found that the number of iterations in the modified EM algorithm tends to be much smaller than that of the ordinary EM algorithm, as shown in the simulation study in Section 5.2. However, we do not yet have mathematical support for this claim. We would like to consider this as a future research topic.
Analysis of data from a Web-based questionnaire on first impressions
We now explore the underlying factor structure of personal assessments of first impressions, based on data from a Web-based questionnaire. The responders were asked to evaluate four virtual people based on several paired adjectives (e.g., pleasant -unpleasant) on a scale of 1 to 5. In order to use a wide variety of personal assessment measures for investigating the underlying structure of first impressions, we prepared 94 measures. Answering 94 items is a heavy load, so the following procedure was carried out:
1. Before the four virtual people were displayed, the participants selected four assessment measures (selective measures) that they used in their daily life.
2. The participants evaluated the four virtual people based on the four selective measures and an additional six assessment measures that were assigned to all participants (common measures). The six common measure are as follows: "pleasantunpleasant", "friendly -unfriendly", "careful -hasty", "sensible -insensible", "active -passive", and "confident -unconfident."
Each participant only selected 10 (= 4 + 6) items out of 94 items, so that almost 90% of the data values were missing. Because 8544 participants appropriately completed the questionnaire for four virtual people, the number of observations is 8544 × 4 = 34176. The number of factors was set to be m = 3, because ? described personality impressions as being based on a three-dimensional configuration. First, the computational time based on the ordinary EM algorithm described in Section 3.1 was compared with that of the modified EM algorithm described in Section 3.2. A quasi-Newton method was also compared; the inverse of the Hessian matrix was approximated by the Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm. The quasi-Newton method uses the full information likelihood function in (1) and its first derivatives given by
Note that the quasi-Newton algorithm can be inefficient when the number of observations is very large, because the covariance matrix Σ [n] and its inverse must be computed for each case n.
We computed the average time for 10 runs using different initial values. All computations were carried out with Windows 8 and an Intel Core i7 3.4 GH processor. The program was written in R using C. For the quasi-Newton method via BFGS optimization, we used the vmmin function called by the optim function in R. The result was:
• modified EM algorithm: 7.81 seconds,
• ordinary EM algorithm: 9.00 hours,
• quasi-Newton method:
25.8 minutes.
Our algorithm was considerably faster than the two existing methods. Note that the EM algorithm converged to the FIML estimates for all 10 initial values, whereas the quasi-Newton algorithm diverged for 2 out of 10 initial values. Thus, the quasi-Newton algorithm may be unstable compared with the EM algorithm. Next, the loading matrix was rotated by the promax method (Hendrickson and White 1964) to interpret the estimated common factors. The estimated factor loadings and unique variances are shown in Appendix A. The results show that the FIML procedure was able to produce the following three interpretable common factors: personality, intelligence, and activeness.
Although the estimated model is interpretable, it is not clear yet whether the FIML can achieve good estimation accuracy when the missing value rate is as large as 90% even if the number of observations is as large as N = 30000. In order to investigate how well the FIML method performs when the majority of the data values are missing, we conduct Monte Carlo simulations under a wide variety of sample sizes, as shown in the next section.
Monte Carlo Simulations
In the simulations, we used the following loading matrix and unique variances:
In this case, p = 90 and m = 3. The model was estimated by the maximum likelihood method under the rotational restriction that the upper triangular matrix of the loading matrix is zero, i.e., λ ij = 0 (j > i) (e.g., Anderson and Rubin 1956 ). The aim of this simulation study is to (i) investigate how well the FIML method performs when the majority of the data are missing, and (ii) compare the computation times of the quasiNewton method, the ordinary EM algorithm, and the modified EM algorithm.
Investigation of performance of the FIML estimation
First, we investigated the performance of the FIML procedure when a large number of data values were missing. The number of observations was the sequence of twenty integers decreasing on the log scale from N = 40000 to N = 200. We first generated the common factors and unique factors by using f n ∼ N(0, I 3 ) and ε n ∼ N(0, Ψ), and then the complete data was created by x n = Λf n + ε n (n = 1, . . . , N).
At each observation, we chose (approximately) q variables and eliminated them. The mechanism for choosing which values to eliminate was assumed to be either missing completely at random (MCAR) or not missing at random (NMAR), as follows:
MCAR: We randomly chose q variables and set these as the missing values.
NMAR: For the i-th variable of the n-th subject, we calculated the value based on the logistic function p in = 1/(1 + exp(−αλ T i f n )), and then the missing indicator values for x in were generated from the Bernoulli distribution with probability p in . The value of α was chosen so that the mean value of the p in approximates the missing rate, i.e., i,n p in /(Np) ≈ q/p.
Note that the MCAR assumption is a special case of MAR, so the FIML procedure produces a consistent estimator under the assumption of MCAR. On the other hand, the NMAR assumption leads to an inconsistent estimator.
In each case, the first six items were assumed to be "common measures" that were not allowed to be missing (i.e., all subjects must answer these six questions). To investigate the effectiveness of the common measures, we also estimated the model without the common measures, i.e., the common measures were eliminated and the model was estimated by using 84 (= 90 − 6) variables. This procedure was repeated 1000 times. Figure 1 shows the square root of the mean squared error (sqrtMSE) and the bias (sqrtBIAS) of the estimator Λ defined by sqrtMSE = 1 1000r
whereλ ij (s) is the maximum likelihood estimate for the s-th dataset,λ ij = sλ ij (s)/1000, and r is the number of parameters of the last 84 rows of Λ given by r = (p − 6)m − m(m − 1)/2. Note that the first six rows of the loading matrix were not used to compute the sqrtBIAS and sqrtMSE; this is because we would like to investigate whether the common measures yield a good estimate of the parameters that correspond to the other 84 variables. The range of index j is max(i, m) because the upper triangular matrix of the loading matrix is zero.
We provide a detailed description and discussion of Figure 1: • The upper left panel shows the sqrtMSE for MCAR with q = 0 and q = 80. When q = 80, the missing value rate was about 90%, which is similar to the setting used for the Web-based questionnaire data analysis described in Section 4. The horizontal line shows sqrtMSE = 0.05, which may be small enough to correctly interpret the estimated model if the observed variables are scaled to have unit variance. The sqrtMSE for q = 80 was much larger than that for q = 0 when N < 10000. We may need a large number of observations, such as N = 10000, to obtain an accurate estimate when a massive amount of data is missing.
• The upper right panel depicts √ N · MSE. It is well known that √ MSE possesses √ N -consistency, so that √ N · MSE may be constant for large values of N. We can see that the estimated MSE may be close to the true MSE when N > 20000. When N = 20000, the sqrtMSE was approximately 0.02, which is small enough to correctly interpret the estimated model. As a result, we may need N > 20000 to produce an accurate estimation.
• The lower left panel shows the sqrtMSE with six common measures and with no common measures. This shows that the common measures play an important role in making the value of the sqrtMSE smaller.
• The lower right panel shows the sqrtBIAS for MCAR and NMAR. This was done to investigate how well the FIML performs when the true missing mechanism is NMAR. When the missing mechanism is MCAR, the sqrtBIAS converges to zero, which means the FIML produces a consistent estimator. On the other hand, the FIML estimates in the NMAR case are biased, so that the sqrtBIAS seems to converge to some small positive value when N → ∞. However, the sqrtBIAS was approximately 0.01, which may be sufficiently small compared with the sqrtMSE depicted in the left upper panel.
We also computed the minimum number of observations required to satisfy sqrtMSE < 0.05, 0.025 for various q; these are shown in Table 1 . For example, when q ≥ 80, we need at least N = 20000 observations to satisfy sqrtMSE < 0.025.
In the data from the Web-based questionnaire, as described in Section 4, the number of observations was N = 34176. Therefore, the value of the sqrtMSE might be less than 0.025, which is sufficiently small to correctly interpret the estimated model.
Comparison of computation times
We computed the computation time and the number of iterations for MCAR with common measures when q = 0, 10, 20, . . . , 80 and N = 2000. The other settings were the same as for the comparison of computation times in the analysis of actual data, as discussed in Section 4. Figure 2 shows the computation times and the number of iterations, each averaged over 10 runs for each of the three algorithms (quasi-Newton method, ordinary EM, and modified EM). Note that these algorithms converged to the same solutions when starting with the same initial values.
From the results presented in Figure 2 , we can see that
• The modified EM algorithm was the fastest among the three algorithms when q ≥ 10. In particular, when q = 80 (i.e., the majority of the data values were missing), the modified EM algorithm was 247 times faster than the ordinary EM algorithm, and 128 times faster than the quasi-Newton method.
• The number of iterations of the ordinary EM algorithm increased as the number of missing variables q increased. This shows that the ordinary EM algorithm may be inefficient when the number of missing values is very large. On the other hand, for both the quasi-Newton method and the modified EM algorithm, the number of iterations decreased as the number of missing values increased.
Concluding remarks
We presented a new FIML estimation algorithm that improves the computational speed of the ordinary EM algorithm. In the analysis of actual data, the proposed algorithm was considerably faster than the ordinary EM algorithm. We also conducted Monte Carlo simulations to investigate the performance of the FIML procedure. The results showed that several tens of thousands of observations may be necessary in order to obtain an accurate estimate when the rate of missing values was 90%.
Although the FIML procedure performed well even when the true missing data were NMAR based on the logistic function, various other NMAR cases were not explored (e.g., Yuan 2009; Kano and Takai 2011) . As a future research topic, it would be interesting to explore the performance of FIML estimation and to determine algorithms that would be efficient for various NMAR cases. Another topic would be to determine a much faster algorithm for high-dimensional sparse data, such as the Netflix Prize dataset (Bennett and Lanning 2007) , which consists of (N, p) = (480189, 17700) with 99% of the data missing.
A Estimates of factor loadings for the analysis of the Web-based questionnaire data
The FIML estimates of the factor loadings and unique variances are shown in Tables  2, 3 , and 4. The estimates of the factor loadings were rotated by the promax method (Hendrickson and White 1964) . Table 2 shows the adjective pairs related to factor 1, and Table 3 presents the items related to factors 2 and 3. From 94 personality traits, the following three common factors were found: personality (Factor 1), intelligence (Factor 2), and activeness (Factor 3). Table 4 shows the adjective pairs that possess large unique variances, which means that these items are not very closely related to these three factors. 
